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Stability of monochromatic waves and wave packet evolution are of fundamental im-
portance in the transition to turbulence in open-flow systems. Although the analysis
of monochromatic wave stability and the evolution of linear wave packets in spatially
homogeneous or parallel flows is generally well understood, such analysis for spatially
inhomogeneous flows is not so well understood. In this paper we consider the problem
of linear wave packet evolution in a spatially periodic medium. The mathematical
formalism of absolute and convective instabilities in spatially homogeneous flows is
generalized to the spatially periodic case. The Laplace transform is used to reduce
the initial-value problem to a system of ordinary differential equations with peri-
odic coefficients which is then completely analysed using the Floquet theory and the
Fourier transform. We define a generalized dispersion relation by A(u,w) = 0, where
p € C\{0} is a spatial Floquet multiplier and w € C is a frequency (and a Laplace
transform parameter). We find that a spatially periodic flow is absolutely unstable
if and only if A(u,w) has a double root (or more generally a multiple root) in
at (o, wo) with Imwy > 0 that satisfies the collision criterion: i.e. the double root
splits under perturbation in such a way that in the limit, as Im(w — wg) — +o0,
with Re(w — wp) = 0, one of the roots goes interior and the other exterior to the

A

/an \

A

THE ROYAL A
SOCIETY

unit circle {|u| = 1} in the complex p-plane. Further results are obtained on the
Phil. Trans. R. Soc. Lond. A (1996) 354, 1027-1064 © 1996 The Royal Society
Printed in Great Britain 1027 TEX Paper

PHILOSOPHICAL
TRANSACTIONS
OF

Y
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to ég(z%

Philosophical Transactions: Mathematical, Physical and Engineering Sciences. MIKOIY
Www.jstor.org


http://rsta.royalsocietypublishing.org/

\
A
[\
N

a
//\

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A \
)

[

y 9

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1028 L. Brevdo and T. J. Bridges

long-time asymptotics of absolutely unstable and absolutely stable flows and the sig-
nalling problem for periodic media is introduced. In general the asymptotic states of
unstable periodic waves are quasi-periodic in space and/or time. The theory is ap-
plied to the finite-amplitude periodic travelling wave states of the real and complex
Ginzburg-Landau equation. We find that the Eckhaus instability is always absolutely
unstable whereas in the complex case there is an interesting decomposition of the re-
gion of unstable finite-amplitude travelling waves into an absolutely unstable region
and a convectively unstable but absolutely stable region. The problem of unstable
wave packets for the Navier—Stokes equations, linearized about a spatially periodic
state, is also formulated.

1. Introduction

In fluid flows, the linear stability theory for a monochromatic wave in an open sys-
tem is well developed, leading, for parallel flows, to the Orr—-Sommerfeld equation
(cf. Drazin & Reid 1981). However, in order to understand the long-time asymptotic
response of a homogeneous flow a wave-packet analysis and a consideration of the
initial-value problem is necessary. In fluid mechanics, the evolution of linear wave
packets in spatially homogeneous flows in open systems has been an area of active
interest since the early 1960s because of the significance of such waves in the tran-
sition to turbulence (cf. Benjamin 1961; Gaster 1968, 1975; Gaster & Grant 1975;
Drazin & Reid 1981, §47; Infeld & Rowlands 1990, §§2—4).

In this paper a theory for the long-time asymptotics of linear wave packets in a
spatially periodic medium or flow is developed. Such a medium or flow arises when
the governing system of equations has a spatially periodic state or spatially periodic
travelling wave about which the equations are linearized. To set the ideas we consider
the following example for expository purposes:

2
68—1:=%+f(u), xeR, t>0, (1.1)

where u is a real-valued function of z and ¢ and f : R — R is a smooth function. We
suppose f(u) is such that u,, + f(u) = 0 has a periodic solution of period L > 0.
Let us denote this solution by @(x) and linearize (1.1) about this state

ou  0%u

E = '5;5 + f’(u)u (12)
Since the coefficients in (1.2) are independent of time, we can consider the ansatz
u(z,t) = eMiu(z), with

2

?171; + f'(w)u = M\, (1.3)
and, classically, one would state the linear stability problem for the basic state u(x)
as follows. If there exists a solution (@(x), A) of (1.3), with @(z) bounded for all z € R
and Re A > 0, then the basic state is linearly unstable. Conversely, if for every solution
(u(x), \) of (1.3), with @(z) bounded for all z € R, the exponent satisfies Re A < 0
we say that the basic state in linearly stable. When %(x) is L-periodic the analysis
of the problem is considerably simplified, since, in that case, every bounded solution
of (1.3) can be expressed, via Floquet’s theorem, as a product of an L-periodic

Phil. Trans. R. Soc. Lond. A (1996)
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Absolute and convective instabilities 1029

function and an exponential with purely imaginary exponent. In fact, for the example
(1.3), it is easy to show, using the theory of Hill’s equation or Floquet theory, that
any spatially periodic basic state of (1.1) is linearly unstable. However, the stable—
unstable classification is insufficient in an open system as unstable disturbances that
decay suitably at infinity in space can behave in dramatically different ways as t —
00. To clarify this point we first review the theory for the spatially homogeneous case
and then indicate how it is generalized in this paper to the case when the basic state
is spatially periodic.
For this purpose we consider the linear partial differential equation,

Oou 0%*u Ou

5[=ﬁ+a%+u, .’EER, t>0, (].4)
where a € R and u is real valued. It is easy to see by making a normal-mode ansatz,
u(z,t) = Agel*k==wt) (1.5)

that the basic state, the trivial state in this example, is linearly unstable, since the
frequency w satisfies
w = —ak +i(1 - k?) (1.6)
and, therefore, Imw = w;(k) = 1—k? for real k. There is a band of unstable wavenum-
bers in the interval —1 < k£ < 1. From a normal mode perspective the linear stability
analysis is complete: the basic state is linearly unstable. However, the long-time
asymptotics of an initial pulse will differ, dependent on the value of a, rather dra-
matically. These asymptotics in the example (1.4) can be clearly seen using the exact
solution.
At t = 0 we take the initial data for (1.4) to be a Gaussian pulse of unit amplitude

u(@,t)],_, =e "7 b>o. (1.7)
Then the exact solution of (1.4) for all z € R and all ¢t > 0 is
et b(x + at)QJ
) = ——. 1.8
u(@t) 1+bteXp[ ) (1.8)

Although the trivial state is unstable, it can be seen from (1.8) that the growth is
not uniform in z. For instance, the exact solution at x =0 is

u(x t)’ = ————et ex —————ba2t2
a0 = o P T AT+ bt)
= 1+bteXp{1+bt[1+bt(1 1a )]} (1.9)

As t — oo the solution at = 0 decays exponentially to zero if |a| > 2. This is also
true for any fized value of x. However, in a frame of reference moving at speed —a
the solution (1.8) is exponentially growing in time for any a € R. In other words, if
the convection velocity |a| is strong enough the instability in the absolute frame of
reference is localized in space. Such an instability is called a convective instability or
localized instability.

On the other hand if |a| < 2 there is an exponential growth of the solution (1.8)
at £ = 0 (cf. (1.9)) and at every fixed = position in the absolute frame of reference.
Such an instability is, therefore, called an absolute instability or global instability. The

Phil. Trans. R. Soc. Lond. A (1996)
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1030 L. Brevdo and T. J. Bridges

distinction between these two types of instabilities is of fundamental importance in
applications. A convective or localized instability can convect away from a region
of interest and it may be possible to control. An absolute or global instability is
generally catastrophic, growing exponentially in time at all points in space leading
to immediate and dramatic changes in the flowfield.

The above distinction, in the example (1.4), was made using the exact solution
which is not in general available and, therefore, an easily applicable criterion is ne-
cessary to distinguish between the two types of instability. The importance of such
a criterion in the spatially homogeneous case and its precise formulation seem to
have been first recognized in the plasma physics literature (cf. Twiss 1951; Landau
& Lifshitz 1953; Briggs 1964; and references therein). There has been considerable
generalization and application of the theory since (cf. Bers 1983; Huerre & Monkewitz
1985; 1990; Koch 1985; Brevdo 1988, 1991, 1992; Infeld & Rowlands 1990, ch. 3;
Brevdo et al. 1994; and references therein).

In the most common case, a necessary, but not sufficient, condition for absolute
instability of a spatially homogeneous flow is the existence of a saddle point of the
frequency function w = w(k) in the complex k-plane for some wy € C with Imwy > 0,
where the normal mode disturbance is of the form e!(**~«%) However, for sufficiency
it is required that the two k-roots of the dispersion relation function D(k,w) that
collide to form the saddle point move to opposite sides of the real k-axis in the limit
as Im(w — wy) — +oo, for Re(w — wp) = 0. This is the pinching condition (Briggs
1964). To give meaning to this condition it is necessary to treat the initial-value
problem using the Fourier-Laplace (FL) transform. Analysis of a monochromatic
wave using the normal-mode approach, alone, is insufficient for a classification of
the long-time asymptotics. For example, application of the FL transform (see (2.7)
and (3.13) for the precise definition of the Laplace and Fourier transformations used
here) to (1.4) results in

D(k,w)u(k,w) = ug(k), where D(k,w)= —iw+ k* —iak — 1, (1.10)

and where u(k,w) is the FL transformation of u(z,t) and ug(k) is the Fourier trans-
formation of the initial condition. The general solution of the initial value problem
formulated for (1.4) can then be written abstractly in terms of the inverse FL trans-
formation as

foheo oo ’I,L()(k) 1(k;c—wt)
u(z, t) =i /m Dk, ) dkdw. (1.11)
The Bromwich contour {w € C| Im(w ) = o and Rew € R} for the inverse Laplace
transformation is chosen so that o is greater than the largest value of Imw for all
k € R with D(k,w) = 0. Throughout the paper ¢ is assumed to be finite.

To complete the analysis of the example (1.4) we verify the necessary and sufficient
conditions for absolute instability. The saddle point condition requires D(k,w) =
Dy (k,w) = 0. From (1.10) we have that Dy = 2k — ia. Therefore, there is a saddle
point at

ko =1tia and wp=i(l - }a?). (1.12)

The saddle point kg corresponds to a frequency wy w1th Imwy > 0 when |a| < 2. For
sufficiency we must check the pinching condltlon However, one easily verifies that
D(k,w) = 0 implies that

(k —ko)® =i(w—wo) and ki = ko £ /i(w—wo). (1.13)

Phil. Trans. R. Soc. Lond. A (1996)
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Absolute and convective instabilities 1031

Therefore, Im(k+ — ko) — Fo0 as Im(w — wy) — +00, with Re(w — wp) = 0, showing
that there is an absolute instability for |a| < 2.

The difficulty with extending the theory of wave-packet evolution to the case when
the basic state is spatially inhomogeneous is that the Fourier transform does not re-
sult in a separation of the spatial variable when the coefficients are non-constant. An
absolute-convective or global-local classification of instabilities when the basic state
varies weakly with z, using the WKB method or a quasi-homogeneous hypothesis,
has been considered by several authors (cf. Koch 1985; the review articles by Bers
(1983) and Huerre & Monkewitz (1990) and the analysis of Hunt & Crighton (1991)).
Polovin & Demutskii (1981) have given a sufficient condition for absolute instability
of a periodic basic state for a particular class of problems by using a Green’s function
approach. However, a general theory for classifying absolute and convective insta-
bilties in spatially inhomogeneous media has never been constructed. In this paper
a general theory for wave packets in inhomogeneous media when the inhomogene-
ity is spatially periodic is presented. In addition to precise necessary and sufficient
conditions for absolutely unstable wave packets, we present precise conditions for
convective instability in spatially periodic media, the asymptotic behaviour of the
wave packet along all possible rays « = x, + V¢ and, moreover, treat the signalling
problem in periodic media with a moving source. A complete theory is possible for
spatially periodic media because of the Floquet decomposition. The theory relies also
on the Laplace transform in time and a Fourier transform in space coupled with the
Floquet decomposition.

We rewrite the example (1.1) in the form

MZ, + Z, = F(Z), where Z= (:j) . with v = u,. (1.14)

Here

M:(_O1 8) and F(Z)=<_fv(u)). (1.15)

Then a spatially periodic state of (1.1) is represented in the formulation (1.14) as
an L-periodic solution of the system of ordinary differential equations W, = F(W)
with W(z + L) = W(z). In general, we will develop a theory in the sequel for
classifying linear instabilities of spatially periodic states of PDEs of the form (1.14),
when Z € RY with N arbitrary but finite. In fact, the general theory proceeds using
the abstract form (1.14), with suitable generalization of the operators M and F(Z),
but it is useful to keep in mind the example (1.1), and the examples in §§6-8. In
§86-8 the Ginzburg-Landau equation, Navier-Stokes equations, Fitzhugh-Nagumo
equations and other physical models are formulated as in (1.14).
Linearizing (1.14) about the L-periodic state W (x) gives

MZ + Z, = A(x)Z, with A(xz)=DF(W(x)). (1.16)
A formal application of the Laplace transform to (1.16) results in
Zy(z,w) = [A(z) +IwM]Z(z,w) + g(z,w), (1.17)

where g(z,w) = M Z(z,t)|;= plus any source term. The complete analysis of (1.17)
using the Floquet theory and the Fourier transform is given in §3. The general-
ization to the spatially periodic case of the necessary and sufficient conditions for
absolute and convective instability is summarized in terms of the Floquet multipliers
as follows.

Phil. Trans. R. Soc. Lond. A (1996)
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1032 L. Brevdo and T. J. Bridges

Let &(x,w) be the flow operator for the homogeneous part of the ODE in (1.17),
that is, @, = [A(z) + iwM|P, that satisfies #(0,w) = I, where I is the identity
matrix. Then the monodromy operator for the system is defined by #(L,w). The
Floquet multipliers are

2(P(L,w)) ={peC|A(y,w) =det [P(L,w) — pI] = 0}. (1.18)

The flow is absolutely unstable if and only if the function A(u,w) has a multiple
root in p for (po,wp), with Imwg > 0, which satisfies the following pinching criterion.
Under perturbation of the imaginary part of the frequency wy the multiple Floquet
multiplier po in (1.18) should split in such a way that at least one of the Floquet
multipliers should lie interior to the unit circle and at least one multiplier exterior
to the unit circle in the complex p-plane in the limit as Im(w — wy) — +oo, with
Re(w —wp) = 0.

The plan of the paper is as follows. In § 2 the linear stability problem is formulated
and in §3 the Floquet analysis and Fourier transform of systems of the form (1.17)
are presented. In §4 the asymptotic evaluation of the solutions for ¢ — oo and the
formal classification of instabilities are made. We find that the oscillatory part of the
dominant contribution to the instability as ¢ — oo, when the observer is in a moving
frame, is in general quasi-periodic.

In the case when the flow is absolutely stable but convectively unstable an inte-
resting question is the response due to an externally imposed time-periodic source.
In §5 a theory for the response of a spatially periodic flow to a time-periodic forcing
is presented. The wavy part of the dominant term in the asymptotic response will in
general be quasi-periodic in space, even when there is only one unstable contribution.
There are in general two wavelengths in a perturbation class; the wavelength of the
basic state and the second wavelength associated with the Floquet exponent of the
perturbation. A response of a travelling wave to a periodic forcing is also generally
quasi-periodic in time.

In §6 the theory is applied to classify the instabilities of spatially periodic states
of the complex Ginzburg-Landau (CGL) equation. In addition to being an impor-
tant equation in applications the advantage of the CGL equation is that the Floquet
decomposition can be explicitly constructed leading to the exact conditions for the
movement of points (saddle points in this case) contributing to the instabilities and
to the classification of the instabilities of finite-amplitude travelling wave solutions.
Our main observations are that the Eckhaus instability, modelled by the GL equa-
tion with real coefficients, is an absolute instability, whereas in the CGL equation
the instabilities of travelling wave states can be either convective or absolute depend-
ing on the parameters in the equation and the position along a branch. We present
results for a particular example where, along a branch of finite-amplitude travelling
waves, there is a transition from absolute to convective instability and then to sta-
bility. The consequence of the result in § 6 for physical systems, such as near-critical
hydrodynamical stability problems modelled by a CGL equation, is shown in figure 1.

In figure 1 R is a control parameter such as a Reynolds number and « is a wavenum-
ber. The outside parabola is the neutral curve for a basic spatially homogeneous or
parallel flow. The shaded region is a projection onto the (R, a)-plane of the region
of stable finite-amplitude periodic travelling waves obtained by normal-mode anal-
ysis. The result of §6 shows that the domain of unstable finite-amplitude periodic
travelling waves is composed of two distinct regions, where the waves are respec-
tively absolutely unstable and absolutely stable but convectively unstable with a

Phil. Trans. R. Soc. Lond. A (1996)
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[— absolutely unstable

stable !

convectively unstable

o
Figure 1. Decomposition of the unstable region, for spatially periodic travelling waves of the
complex Ginzburg-Landau equation, into a convectively and absolutely unstable region, in the
(R, @) plane where R is a control parameter.

well-defined transition between the two cases. The analysis of the the CGL equation
is indicative of how the investigation would proceed with more difficult problems.

A challenging problem in hydrodynamic stability theory is the secondary insta-
bility problem, where a finite-amplitude branch of spatially periodic wave solutions,
travelling in a shear flow that satisfies the Navier—Stokes equations, loses stability. A
classification of the long-time asymptotics of this instability would be of great interest
in understanding the transition to turbulence in shear flows. Although the normal
mode instability of this problem is generally understood, a wavepacket approach
has not been previously considered. In §7 we outline how the theory of this paper
could contribute towards an analysis of this problem. Finally, in § 8 some concluding
remarks are made.

2. Formulation of the linear stability problem

Without giving here a description of a particular physical problem we assume that
the nonlinear dynamics of an unsteady flow can be described by a partial differential
equation on the real line of the form

MZ,+ Z,=F(Z), with z€R and t>0, (2.1)

where Z is a vector-valued function of (x,t), M is a linear operator with constant
coefficients and F'(-) is a nonlinear operator. In the system (2.1) the equations contain
only first order derivatives in space and time and there are no terms with derivatives
with respect to x and ¢ in F(Z). The form (2.1) is convenient for the analysis,
particularly the Floquet theory, and many PDEs appearing in applications can be
written in the form (2.1) by introducing additional variables (cf the applications in
§86-8). In the present paper it will be assumed that 7 € RN in which case M is
an N x N matrix and F(Z) is a nonlinear function on RY. Some remarks towards
the case of a flow with shear, for instance when (2.1) represents the Navier-Stokes
equations, are given in §7.

The linear stability problem for spatially periodic solutions — or spatially periodic
media or flow; the terms will be used interchangeably — of (2.1) will be formulated.
Let us suppose that there exists an L-periodic solution of (2.1), denoted by W (x),

Phil. Trans. R. Soc. Lond. A (1996)
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1034 L. Brevdo and T. J. Bridges
with W(z + L) = W(z) and
either W, =F(W) or (In—cM)W,=FW), (2.2)

where Iy is the N x N identity matrix and c is a real number. The second case, when
¢ # 0, corresponds to a state which is periodic relative to a frame moving at speed
c¢. The parameter ¢ does not enter the analysis explicitly and, therefore, the explicit
dependence of W (x) on ¢ will be suppressed. However, when classifying instabilities,
the distinction between different frames of reference is of fundamental importance
(cf. the analysis of the GL equation in §6). N

In order to study the linear stability problem we substitute Z = W + Z into (2.1)
and linearize about W to obtain

MZ,+7Z,=A(z)Z, with z€R and t>0. (2.3)

The linear operator A(z) = DF(W (z)), where W(z) is the L-periodic basic state,
and, therefore, A(z+L) = A(z). We will also consider the problem where an external
source, represented by a vector-valued function G(z,t), is applied to the wave

MZi+ Z, = A(x)Z + G(z,t), with z€R and t>0. (2.4)

The operator A(z) is assumed to depend smoothly on z. The function G(z,t) €
C°(R x R,RY), where C5° indicates C* functions with compact support. The re-
quirements on G(z,t) can be relaxed to include all source term functions for which
the integrals appearing in the formalism converge. The linear problem (2.4) is sup-
plemented by the initial condition

Z(z,)j4—0 = Zo(z), with Zy(z) € C°(R,RY), (2.5)
and the boundary conditions
, lirin |Z(x,t)|| =0 foreach ¢t >0. (2.6)

The solutions Z(z,t) of (2.4)-(2.6) with at most exponential growth in time are
sought in the space Z(-,t) € C*°(R,RY)( L' (R,RY). The norm || - || represents the
Euclidian norm in RY. Note that the formulation (2.4)-(2.6) could also be associated
with a linear problem, that is when F(Z) = A(z)Z in (2.1), where the z-dependence
of A(z) is due to a material inhomogeneity. For instance, in the case of a flow in a
channel with spatially periodic walls.

We are interested in studying the asymptotic behaviour of the perturbations
Z(z,t) along the family of rays z = zo + V't for t — oo, where z¢ is constant and V'
is a ray velocity. If relative to the absolute frame of reference the solution Z(zo,t) of
(2.4)—(2.6) is unbounded for each zy as t — oo the flow is called absolutely unstable.
Otherwise an unstable flow is called absolutely stable, but convectively unstable.
When the basic state is homogeneous, that is, when A(z) is independent of z, and
the basic state is unstable, there exists a ray @ = xo+V't such that Z(zo+V't,t) is un-
bounded as ¢t — oo. Therefore, in the homogeneous case, an unstable but absolutely
stable state is always convectively unstable. We shall exhibit a similar distinction
between asymptotic behaviours when the basic state is spatially periodic.

The Laplace transform, defined by

(o] ) 1 ioc+o00 )
L{w}(w) = @(w) / W)™t dt, w(t) = - / Bwe “dw,  (2.7)
0 i

27 Jio—oo
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Absolute and convective instabilities 1035
is applied to (2.4)—(2.6) resulting in
Zy(z,w) = [A(z) + iwM|Z(z,w) + g(z,w), (2.8)
where

g9(z,w) = G(z,w) + M Zy(z). (2.9)

Here and further in the text we omit the tilde for convenience. The dependent vari-
ables are distinguished from their transforms by the independent variables. The
boundary conditions for Z(x,w) are

lim | Z(z,w)| =0 (2.10)

for w with Im w positive and large enough. In addition, for every such fixed w it holds
that Z(z,w) € C*°(R,RY)N L' (R,RY) in 2. The meaning of this requirement will
become clear in the sequel. The system (2.8) is an inhomogeneous linear system of
ordinary differential equations with coefficients depending periodically on z. In the
next section we shall give a formal solution of (2.8)—(2.10) using the Floquet theory
and the Fourier transform in space.

3. Floquet theory and the boundary-value problem
Let #(z,w) be an N x N matrix that satisfies the matrix differential equation
P, (z,w) = [A(z) + iwM|P(z,w) (3.1)
and the initial condition
P(0,w) = Iy. (3.2)

The system of equations (3.1) is the homogeneous system associated with the sys-
tem (2.8). Since the coefficients in (3.1) are continuous L-periodic functions of z,
according to the Floquet theory, the flow operator @(x,w) has a decomposition for
all z € R of the form

&(z,w) = Q(z,w)eB@, (3.3)
where Q(z,w) is a non-singular, differentiable, L-periodic N x N matrix function
of z, i.e. Q(z + L,w) = Q(z,w), that satisfies Q(0,w) = Iy, and B(w) is N x N
matrix (Yakubovich & Starzhinskii 1975). Since the coefficients in (3.1) are C* in z
and analytic in w, it follows that @(z,w) is also.

The matrix B(w) is defined using the monodromy operator #(L,w). Since Q(z,w)
in (3.3) is L-periodic in z, it follows that Q(L,w) = In and, therefore,

&(L,w) = eBWE, (3.4)

Now,

det b(z,w) = exp(/ tr[A(s) + iwM] ds), (3.5)
Jo

where tr[-] indicates the trace of the matrix in []. Therefore, det ®(z,w) # 0 for

all z and w. Since #(0,w) = Iy, for every complex w there exists a positive real

number §(w) such that for |z| < §(w) it holds that ||®(z,w) — In|| < 3. For all pairs

{(z,w)] w € C, |z| < 6(w)} we can define a branch of InP(z,w) which is C* in
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and analytic in w

In®(z,w) =In{Iy + [P(z,w) — IN]} = i #[@(x,w) — In]"™. (3.6)

For every disc {|w| < 7o} in the complex w-plane there exists a positive number
61(ro) such that the logarithm (3.6) is analytic in this disc for all |z| < é1(ro).
This is due to the compactness of the disc. The matrix In®(L,w) exists for all w
because det @(L,w) # 0 for all w, and at every w at which the (L, w) has N distinct
eigenvalues the separate branches of the matrix function ln @(L,w) are analytic.

Based on the above observations it is reasonable to conjecture that a branch of
In #(L,w) is analytic in the entire complex plane and it would be interesting to give a
proof of analyticity of In ®(L,w) in general, but we do not consider this question here.
In the examples considered in § 6 it is shown explicitly that In @(L,w) is an analytic
function for all w € C, even though &(L,w) has multiple eigenvalues for particular
values of w. Under the above hypothesis, we have that the matrix function

1
B(w) = 7 In®(L,w) (3.7)
is analytic for all w. Hence, Q(z,w) = &(z,w)
The spectrum of B(w) is denoted by

2[B(w)] = {ikj(w) € C, 1 < j < N |det[B(w)—ik;(w)Iy] = 0, with i = —1} (3.8)
including multiple eigenvalues. We define the subset of unstable wave numbers by
2u[B(w)] = {ikj(w) € Y[B(w)] | kj(w) € R and Imw > 0}, (3.9)

and say that a frequency w € C is an unstable frequency if Imw > 0, and for at least
one j, ik;(w) € X, [B(w)]. It is assumed that the initial-value problem is well posed
and that unstable bounded perturbations grow at most exponentially in time; that
is, there exists a positive constant o such that Imw < o for all unstable frequencies.
Further, we assume that for w with Imw > o¢ the spectrum X[B(w)] is bounded,
uniformly in w, away from the imaginary k-axis.

e Bz ig an entire function of w.

Definition. The L-periodic basic state W (z) is called linearly unstable if there
exists an w € C with Imw > 0 such that the unstable spectrum X,[B(w)] is not
empty. Conversely, if for every w € C with Imw > 0 the set X,[B(w)] is empty we
say that the periodic flow W(z) is linearly stable.

This definition is analogous to the corresponding definition in the homogeneous
case and follows from the normal mode theory. To be precise one can also include
algebraically growing modes. For example, it was found by Brevdo (1988) theoreti-
cally that localized perturbations in a homogeneous flow with stable normal modes
can under certain conditions grow algebraically in time. However, a local degeneracy
of the dispersion relation is necessary for this case to occur. Therefore, we still prefer
to use the above definition in order to set up a framework for discussion of exponen-
tially unstable waves. The case of a flow with stable normal modes and algebraically
growing localized pulses can be then treated as an exception.

The Floquet decomposition (3.3) is used to transform the boundary-value problem
(2.8)—(2.10) into a problem with constant coefficients. We make the substitution

Z(z,w) = Q(z,w)v(z,w) (3.10)
Phil. Trans. R. Soc. Lond. A (1996)
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in (2.8), where v(z,w) is a vector function, and by using (3.1) obtain

d
gv + Qg:—c = (A+iwM)Qu +g = [(A+iwM)QeB%le 8% + ¢
_ d Bz —Bz _ dQ ‘
= dx[Qe le v +g= a'vﬁ—QBv-l—g. (3.11)
Therefore, v(z,w) satisfies the equation
%U(x,w) — B(w)v(z,w) = Q@ (z,w)g(z,w). (3.12)

The assumptions made about G(z,t), Zy(z) and Z(z,w) in (2.4)-(2.6), (2.10), and
the boundedness of the norm ||Q~!(z,w)||, for a fixed w uniformly in z, allow us to
operate on the system (3.12) with the Fourier transform in z,

F{w}(k) = (k) = /Oo w(z)e % do,  w(z) = - /oo DRy dk.  (3.13)

—o0 21 J oo

This gives the equation
[ikIn — B(w)v(k,w) = / Q! (z,w)g(z,w)e * dz = T(k,w), (3.14)

where the hat was dropped for convenience. Since g(z,w) in (2.9) has compact sup-
port in z, the function T'(k,w) decays faster than |k|~", for any n > 0, when k — o0,
with Imk = 0. The eigenvalues ik;(w), 1 < j < N, of the matrix B(w) are bounded,
uniformly, away from the imaginary k-axis for all w with Im w > oy. Therefore, there
exists a positive constant ¢y such that |Imk;(w)| > co, for 1 < j < N, uniformly
for all such w. Consequently, for all real k¥ and all w with Imw > oy the eigenvalues
ik —ik;(w)]™%, 1 < j < N, of the matrix [ikIy — B(w)]™! are uniformly bounded,
because |k — k;j(w)| > co holds. We can, therefore, apply the inversion formula to
(3.14) and write

v(z,w) = 2_17;/ [ikIny — B(w)] T (k,w)e*® dk. (3.15)
The integral in (3.15) converges uniformly for all w with Imw > . Clearly, the
solution Z(z,w), (3.10), with v(z,w) given by (3.15), satisfies the conditions (2.10).
Moreover, for w with Imw > 09, v(z,w) € C®°R,RY) L' (R,RY) in z, and the
application of the Fourier transform to (3.12) is justified.

The solution of the initial-boundary-value problem (2.4)—(2.6) can, therefore, be
formally expressed as

Z(o,1) = 41? / T Q) / " Ty — B@)] 1Tk, w)e ) dkdw,  (3.16)

with 0 > oy. Here it is assumed that the inverse Laplace integral along the Bromwich
contour {w € C|Imw = 0, —00 < Rew < oo} exists and is convergent for all o > 0.
This assumption must be validated in each particular application of the theory.

g —00 - 00

4. Long-time asymptotics of waves in periodic media

We are interested in the asymptotic behaviour of the solution (3.16) along the ray
x = xo + Vt, z¢g = const., for ¢ — co. The asymptotics of Z(xg,t) and Z(xo + Vi, 1),

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

/,//’ \\
J

A
i P 9

P
4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1038 L. Brevdo and T. J. Bridges

when ¢t — 00, can be treated in the same fashion because it holds that

1 icH-o00

Z(xg+ Vit,t) = e / Q(zo + Vi,w+ kV)

X / [ikIy — B(w + EV)] 1T (k,w + EV)el*@0=9 dkdw. (4.1)
The integral in (4.1) is obtained from the integral in (3.16) by substituting x = zo+V't
and performing the change of variables k — k, w — kV — w. We treat, therefore,
only the solution in the form (3.16) and write it as

ioc+oo
Z(xo,t) = 21—71}5/ Q(zo,w)R(zo,w)e ! dw (4.2)
with
R(zo,w) = / kT — B(w)]"'T(k, w)e™ dk. (4.3)

The representation (4.2), (4.3) is a generalization to the spatially periodic case of
the treatment given by Briggs (1964) in the spatially homogeneous case.

According to the definition of o in (3.16) the vector function R(zo,w) is analytic
for w with Imw > 0. When this function can be analytically continued all the way
down to the real w-axis, i.e. in the strip

So={weC|0<Imw< 0, —0 < Rew < oo}, (4.4)

and the resulting integrand in (4.2) decays fast enough for Rew — oo in this strip,
then the integral in (4.2) is equal to

Z(xo,t) = 41?/_ Q(zo,w)R(zo,w)e " dw, (4.5)

where R(z¢,w) denotes the continued function. The Riemann-Lebesgue lemma (see
Korner 1988, §52) applied to the integral in (4.5) gives Z(zg,t) — 0 for t — oo.
Thus the central point in the analysis is to determine the singularities of the function
R(z,w) in the strip w € S,. This is done by analytically continuing the function
(4.3) from above the Bromwich contour down along the vertical line {w € C|Rew =
w, = const.}, for each w, € R and determining the circumstances under which this
continuation fails. We denote a movement of w from above the Bromwich contour
down along such a vertical line by w \, so that w \, wg denotes such a movement
along the vertical line passing through the point wq; that is w = Re wqy + iy with
Imwy <y <o +¢, where € > 0 is any positive real number.

The analytic continuation of the function R(xg,w) can fail at a point wy, when
w \, wo, if and only if two or more numbers k;(w), where ik;(w), 1 < j < N, are
the eigenvalues of the operator B(w), ‘pinch’ the deformed contour of integration in
(4.3) during their movement in the k-plane, see figure 2.

This means that at least two of the colliding numbers k;(w) must originate on
opposite sides of the real k-axis. In other words, at least two numbers k;(w) that
collide for w = wy at ky = k;(wy) (i.e. iko is a multiple eigenvalue of B(w) at w = wy)
move to opposite sides of the real k-axis and stay there in the limit Im(w — wy) — oo
while Re(w — wp) = 0. A classification of the singularities of the function R(zg,w)
at the points of pinching can be carried out as in the homogeneous case (cf. Brevdo
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ki ®;

© / k, o,

Figure 2. Movement of the wave numbers k;(w) as w \, wo resulting in pinching of the
deformed Fourier contour.

.

1

Figure 3. Bromwich contour deformed around a branch point.

1988). The singularity at any such point wy is of the form

1

@) (40

where s is a positive rational number which depends on the number and multiplicity
of the colliding roots in k of the determinant

D(k,w) = det[ikIy — B(w)). (4.7)

When s is an integer then the function R(zo,w) has a pole at wy and when s is not
integer-valued a branch cut of R(zo,w) is chosen to be the vertical semi-line with its
upper end at wy, i.e. {w € C|Rew = Rewp, Imw < Imwp}. Assuming that there is
only a finite number of such singularities, which is reasonable for a great variety of
applications, the Bromwich contour can be deformed as is shown in figure 3.

In order for the deformation to make sense, the integral along the original Bromwich
contour should equal the integral along the deformed contour. To validate this as-
sumption an estimate of the decay of the norm ||Q(zo,w)R(xo,w)]| is required as w
tends to infinity in both directions in the strip S,. It is difficult to prove such an
estimate in general, but is a reasonable hypothesis, and in the examples (cf. §6) it
is shown to be valid.

The Riemann-Lebesgue lemma can be applied to the integral along the deformed
Bromwich contour showing that the non-decaying contributions to the asymptotics
of the solution (3.16), for t — oo, come only from the singular points with Imw > 0.
The singular point (k,w) with maximal Imw makes the dominant contribution. Let
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this point be (ko,wo). Then the dominant contribution to the asymptotics of Z(zo, t)
is of the form

Z(:l?o,t) ~ CT(ko,wO) = Q(.’L’o,C(J())P(]{i(),wo)eikozots—le—iw(’t. (48)

Here the vector P(kg,wp) depends only on kg and wy through the dependence of the
singularity of the function R(zg,w) at wy on [ikIy — B(w)] 'T(k,w). The exponent
s — 1 of the algebraic factor ¢*~! in (4.8), with s as in (4.6), is positive in case
s > 1. So theoretically a variety of algebraically growing responses is possible when
a contributing wy with Imwy = 0 corresponds to s > 1 (cf. Brevdo (1988) for the
argument in the spatially homogeneous case and for the practical implementation of
the collision criterion in such a case).

At the contributing point (kg,wp) the dispersion relation function D(k,w) has a
multiple root in k. When this root is a double root it satisfies

D(ko,wo) = 0, Dk(kQ,UJQ) = 0. (49)

If D, (ko,wo) # 0 the equation D(k,w) = 0 has a single solution in w in some
neighbourhood of (ko,wp). We denote this solution by w = w(k). At k = ko, w'(ko) =
0 holds, i.e. the function w = w(k) has a saddle point at ky. This is a weak necessary
condition for absolute instability, since it does not contain the crucial information
concerning the origin of the colliding roots. For multiple colliding roots the theory in
Brevdo (1988) can be generalized directly to the spatially periodic case. We do not
present it here.

The function D(k,w) plays a role analogous to that played by the dispersion
relation function in the homogeneous case. In fact, a substitution of the expression

Z(z,t) = Q(z,w)helkz—wt) (4.10)

where h is a constant vector, into the homogeneous equation associated with (2.4) is
an operation directly analogous to the normal mode substitution in the homogeneous
case and gives the equation

[ikIy — B(w)]he!®*=t =0, (4.11)
Hence, a non-trivial solution of the form (4.10) exists if and only if £ and w satisfy
D(k,w) = det[ikIy — B(w)] =0, (4.12)

and the analogy with the homogeneous case is complete.

A pinching of the deformed Fourier contour takes place for w = wy and k = ko
if and only if there is a pinching of the deformed imaginary axis in the complex
k-plane by the eigenvalues of the matrix B(w), that occurs for the same w = wy and
for k = ikg. According to (3.4) this can take place if and only if at least two Floquet
multipliers u of the monodromy matrix @(L,w), that is the roots u;(w), 1 < j < N,
in p of

A(p,w) = det [B(L,w) — uly] =0, (4.13)
originating on opposite sides of the unit circle {|u| = 1} in the complex u-plane
collide at the point py = e'*% when w \, wp.

It is important to note that the dominant term of the asymptotics of the solution
(4.1) along the ray = = xy + V't, o = const., for t — 0o, takes the form

Z(xO + Vtv t) ~ CT(k07 WO)
= Q(.’EO + Vt,w() + koV)P(k)(),wO -+ koV)eikoths_le_iwot, (414)
Phil. Trans. R. Soc. Lond. A (1996)
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where P(kq,wo+koV) is a vector independent of = and ¢. Since Q(z,w) is L-periodic
in z, this term grows in time as
3 lghmwot (4.15)

and oscillates as

Q(xo + Vit,wy + koV)e i Rewot, - (4.16)
If, for V # 0, the real frequency Rew, associated with the Floquet multiplier uq is
non-zero and the ratio (L/27V) Rewy is not a rational number then the oscillatory
part of the asymptotics is, to the leading order, quasi-periodic in time. The quasi-
periodic response is in contrast to the asymptotics (4.8) in the frame in which the
basic state is stationary, and to the asymptotics in the homogeneous case where the
oscillatory part is periodic in every reference frame.

5. The signalling problem in periodic media

A problem of interest in applications is the asymptotics in space and time of a flow
subjected to a spatially localized forcing that is periodic in time. This is the so-called
linear signalling problem. In this section we generalize this problem to the case where
the basi¢ flow or medium is spatially periodic. Its formulation in an unstable case
is meaningful only if the flow is absolutely stable because in the absolutely unstable
case any linear structure that might tend to evolve will eventually be destroyed
by the perturbations that grow at every point in space. In the absolutely stable but
convectively unstable case we are interested in the asymptotics of the solution Z(z,t)
of (2.4)—(2.6), for z — +00, t — oo when the forcing term G(z,t) in (2.4) is a periodic
function of ¢ with compact stationary support in a spatial coordinate relative to a
reference frame moving at speed c¢. A periodic solution of a nonlinear equation, e.g.
Ginzburg-Landau equation, is often a travelling wave which is stationary only in a
moving frame of reference. A periodic forcing, whose spatial support is at rest in the
absolute frame of reference, is moving relative to the frame at which such a solution
is stationary. Hence, a signalling problem with a moving forcing can be of practical
importance for periodic waves. We treat the problem of a moving forcing based on
the analysis for a forcing with stationary support. The basic state W{(z), (2.2), in
this section is taken to be absolutely stable, but convectively unstable.

(a) Forcing with stationary support
The forcing in (2.4) is set to be

G(x,t) = f(z — zo)e ™!, with f(z) € C(R,RY) and Imwy=0. (5.1)

Since the flow is absolutely stable, a non-vanishing initial condition Zy(z) in (2.5)
can trigger only a diminishing disturbance at every point in space, so its influence
will be ignored, i.e. Zy(z) = 0. The boundary condition (2.6) is replaced below by
an assumption on the decay in space of the Laplace transform of Z(z,t). For every
fixed z the function Z(z,t) is assumed to be bounded in t.

Application of the Laplace transform (2.7) to the equation

MZ,+ Z, = A(x)Z + f(x — 2¢)e™ ™", with z€R and t>0, (5.2)
results, after the substitution (3.10), in the equation

Lot w) ~ Bl(e,w) =@ (@0) /(@ — 7o) —

w—wy

Phil. Trans. R. Soc. Lond. A (1996)
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Assuming that for every fixed w on the Bromwich contour the function v(z,w) sat-
isfies the boundary conditions
lirin lv(z,w)|| =0, (5.4)

and v(z,w) € C®(R,RY)N L} (R,RY) in z, we solve (5.3) by applying the Fourier
transform:

1 o 1 . — ikx
v(z,w) = o /_Oo o [ikIn — B(w)] " T1(k, w; z0)e*® dk, (5.5)
where
Ty (k,w;z0) = / QY (z,w)f(z — zo)e " du. (5.6)

It is easy to see that v(z,w) given by (5.5) satisfies the required conditions. Indeed,

Ty (k,w;z0) is a rapidly decaying function of k at infinity on the real k-axis, be-

cause f(z) € C°(R,RY), and the norm ||[ikIxy — B(w)]™!| is bounded from above

uniformly in real k for every fixed w on the Bromwich contour, as shown previously.
The solution (3.16) now formally reads

1 [lofee griwt < - ke
Z(z,t) = m/l - u)()C.)(:zz,cu)/ [ikIy — B(w)] 1T (k, w; 20)e™*® dkdw.
(5.7)

o—00 —o0

It is a generalization to base flows that are spatially periodic of the treatment by
Briggs (1964) for the homogeneous case. Consequently, the causality condition and
the spatial asymptotics can be obtained in a similar fashion. The causality condition
is: spatially growing contributions to the asymptotics of the solution (5.7) for z — oo,
t — oo come only from the roots in k, k;(w), 1 < j < N, of the dispersion relation
function (4.7) that cross from the upper half of the complex k-plane, i.e. Imk > 0, to
its lower half, i.e. Im k < 0, when w moves from above the Bromwich contour down
to the real excitation frequency wy, i.e. w \, wy. Contributions for x — —oo, t — oo
come from the roots that cross from below the real k-axis to the upper half plane.
This condition assumes the analytic continuation of the corresponding function and
the deformation of the contour in the outer integral in (5.7), as in §4, which has
to be justified in every particular case. Given the matrix B(w), either analytically
or numerically, this condition can be implemented by following the movements of
the images of the contour {w | Imw = o} under the transformations k = k;(w),
1 € j < N, in the k-plane, when o0 — 04, as it was done in Brevdo (1992) for
homogeneous plane Poiseuille flow.

Similar to the pinching condition in the treatment of the absolute and convective
instabilities, the causality condition can be formulated in terms of the Floquet mul-
tipliers p(w) of the monodromy matrix #(L,w) in the following manner. Spatially
growing contributions to the asymptotics of the solution (5.7) for z — oo, t — oo
come only from the Floquet multipliers u;(w), 1 < j < N, of the monodromy matrix
®(L,w), i.e. the roots in u of (4.13), that cross from the interior of the unit circle in
the complex p-plane, i.e. {|u| < 1}, to its exterior, i.e. {|u| > 1}, when w moves from
above the Bromwich contour down to the real excitation frequency wy, i.e. w \, wg.
Contributions for x — —oo, t — oo come from the Floquet multipliers that cross
from the exterior to the interior of the circle.

We will demonstrate the usefulness of this simplified version of the causality con-
dition in §7. A practical implementation of this condition as well as of the pinching
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Absolute and convective instabilities 1043

condition given in terms of the Floquet multipliers in §4 is similar to that of the
corresponding conditions formulated in terms of the eigenvalues of the matrix B(w).
However, it is certainly advantageous to use the Floquet multipliers when B(w)
cannot be computed exactly, as in most cases of flows with shear.

Let, for x — o0, k = k;,(w) denote the crossing root with maximum negative
imaginary part among all crossing roots at the end of their trajectories, that is with
maximum —Im k,,(wp). Let kg = km(wo). Then the dominant contribution to the
spatial asymptotics of the solution (5.7) for z — oo, t — oo is given by

Z(z,t) ~ CS(ko,wo) = Q(x,wo)P(ko,wo, z¢)e wote™ Imkozgl Rekox (5.8)

The vector P(ko,wq, o) does not depend on z and ¢. For z — —oo, ¢ — oo the
dominant contribution of the same form comes from the crossing root with maximum
positive imaginary part. It is noteworthy that the undulating part of the growing
contribution (5.8) is quasi-periodic in space if Re kg is non-vanishing and the ratio
% Re kg is not a rational number. In the homogeneous case the undulating part of
the asymptotics to the leading order is always periodic. The temporal behaviour of
the entire response is ca. e7“o?, In the case of a moving simple harmonic forcing the
response can be quasi-periodic in time.

(b) Moving forcing
In this case the forcing (2.4) is assumed to have stationary spatial support relative
to a frame moving at speed c. It is of the form

G(z,t) = f(x — 20 — ct)e ™!,  with f(z) € C°(R,RY) and Imwy=0. (5.9)

The analysis proceeds as in the preceding subsection. Equation (5.2) reads for this
forcing

MZ+Z,=Ax)Z + f(x — 20 — ct)e” ™", with z€R and t>0, (5.10)
and equation (5.3) becomes

%v(x,w) — B(w)v(z,w) = Q z,w) /Ooo f(z —xg — ct)el @0t d¢. (5.11)

The integral on the right-hand side of (5.11) cannot in general be computed explicitly
as in the case when ¢ = 0. The solution v(z,w) now has to be represented as a triple
integral, i.e. Laplace-Fourier-inverse Fourier integral. It reads

v(z,w) = %/—00 ikIy — B(w)]™

X [/ Q_l(s,w)/ f(s —zg — ct)el@ w0t dte~*s ds| e dk. (5.12)
—00 0

We introduce a change of variable, ( = s — ct in the integral in (5.12) and obtain for
the expression in the brackets

T = / Q7 '(s,w) / f(s—zo— ct)el @@t g eiks dg
= / / Q—I(C + ct,UJ)f(C _ Io)ei(w—wo—k}C)te—ik( dtdc
—o00 J O

_ / ) / T Q¢+ ety w)ee N A F(C - o) I dC. (5.13)
—00 JO
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1044 L. Brevdo and T. J. Bridges

The convergence of the integral in (5.13) can be easily verified for w with Imw > 0.
The matrix function Q~!(z,w) is C* and L-periodic in z for every fixed w € C
and, therefore, has a convergent Fourier series representation given by

1(.%’ w Z Qn 127rn:c/L. (514)

n=—oo

The above series converge absolutely for every fixed w € C. We assume that the
convergence is uniform in the strip S, defined in (4.4). The Q,,(w) are entire functions
of w for all integers n € Z, since Q™ *(x,w) is an entire function of w. The expression
7 in (5.13) can be evaluated by substituting (5.14) and integrating with respect to
t to find

ie—i(k~27rn/L):1:o

> 2mn
7= Z Qn(w)f <k a T) w—wy — ke + (2mn/L)c’ (5.15)

n=—oo

where f(k—27mn/L) is the Fourier transform of f(z)e!(>™"/%)? We substitute (5.15) in
place of the expression in the brackets in (5.12), apply an inverse Laplace transform to
Q(z,w)v(z,w) (see (3.10)) and, after interchanging the summation with the inverse
Laplace integral and rearranging terms, obtain

o+00 e—lwt

i(2mn/L)xo
2(x,t) = Z € /m o W—wo—kc+ (2rn/L)c Qz,w)

n=—oo

X / b [ikIy — B(w)]'Qn(w)f(k — 2mn/L)e* @20 dkdw.  (5.16)

A change of variables k — k, w — k¢ — w in the double integral in (5.16) gives
ioc+o0 e—iwt

Z t 27771/[/).50/ /OO k
(=, 4 42 Z ir—0o W—wo+ (2mn/L)c J_ Qz,w + ke)

x[lkIN — B(w+ kc)] 7' Qn(w + ke) f(k — 27n/L)
xe*(E=m0 =) dkdw. (5.17)

The double inverse Fourier inverse Laplace integral in (5.17) has the form analo-
gous to that of the integral in (5.7). Its asymptotic evaluation, when (x — () — +o0,
t — oo is similar. For a real frequency of excitation wy, the growing contributions to
the spatial asymptotics of the solution Z(z,t), when (z — xy) — oo, t — oo come
from the roots in k of

D(k,w + kc) = det[ikIy — B(w + kc)] (5.18)

that cross from above to below the real k-axis, when w is brought from above the
Bromwich contour down to (wg — (27n/L)c) for each n € Z.

Let n € Z be fixed. For £ — oo, we denote by k = k,,,(w) the crossing root
with maximum negative imaginary part among all the crossing roots at the end of
their trajectories, that cross the real k-axis for w \, (wg — (27n/L)c). This root has
maximum — Im k,,,,, (wo — (27n/L)c) among all such roots for a fixed n € Z. Let kg =
Epm(wo — (27m/L)c). Then the dominant contribution to the spatial asymptotics of
the solution (5.17) for (z — xy) — 00, t — oo in which all possible frequencies of the
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Absolute and convective instabilities 1045

response are represented, is given by

Z(z,t) ~CS = Z Q(z,wo — (2mn/L)c + knoc) P (kno,wo — (27n/L)c, ¢, 2)

n=—oo

x e~ iwo—(2mn/L)etknoc)t gikno(z—z0) (5.19)

The vectors P, (kno,wo — (27n/L)c,¢,zg), n € Z, do not depend on z and t. For
r — —00, t — oo the dominant contribution of the same form comes from the
crossing roots with maximum positive imaginary parts. A formulation of the crossing
condition in terms of the Floquet multipliers u does not seem to be of a practical
advantage in the present case, since in such a formulation both x and the function
In 44 appear in the equation

det[®(L,w —iclnu) — puly] = 0. (5.20)

Recall that the forcing is moving at speed c relative to the frame at which the
basic state is stationary. In practice, a spatial response in the frame of reference at
which the forcing has a stationary finite support is of interest. Relative to this frame
the basic state is moving at speed —c. The coordinate 7 in this frame is related to z
through

T =n+ct (5.21)
We substitute (5.21) into (5.19) and obtain

Z(n+ct,t) ~CS = Z Q(n+ ct,wo — (27n/L)c + knoc)

n=—oo
X Py, (kno,wo — (2mn/L)c, ¢, mg)e~ (w0~ (2mn/ Lo}t gikno(n=20) (5 99)

The response to a moving source, (5.22), when the medium is spatially periodic,
is significantly more complicated than the response when the medium is spatially
homogeneous. In the homogeneous case all the terms of the infinite series (5.14),
and with them of the series (5.19), (5.22), with the exception of the term for n = 0,
are zero and no space dependent factor @ is present in (5.19), (5.22). Moreover, the
entire response in the homogeneous case has a single frequency wy, i.e. the frequency
of excitation. On the other hand, in the spatially periodic case the nth term of the
response (5.22) considered as a function of time is a product of e~*0t with a time-
periodic function of period L/cn. Hence, both the spatial response of a spatially
periodic travelling wave to an oscillatory forcing and its temporal response are in
general quasi-periodic.

6. Instability of the spatially periodic solutions of the
Ginzburg-Landau equation

The Ginzburg-Landau (GL) equation is a model equation for near critical hy-
drodynamic stability problems (cf. DiPrima et al. 1971; Stewartson & Stuart 1971;
Stuart & DiPrima 1978; Eckhaus 1993; and references therein). In addition to its
importance in applications the GL equation provides an interesting example for the
theory presented in §§2-4, because the Floquet decomposition, for the GL equation
linearized about a finite-amplitude periodic travelling wave, can be constructed ex-
plicitly. Moreover, the questions that arise in the analysis of the GL equation are

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

/,//’ \\
o \
( 2\

J (

Py

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\
/%

a

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

1046 L. Brevdo and T. J. Bridges
analogous to those for more general systems including the Navier-Stokes equations
(cf. §7).
The complex Ginzburg-Landau (CGL) equation is
v 02w
Q—:rkﬁ+ﬁ1—+ﬂ2|kl7|2w, z€R and t>0, (6.1)
ot 0x?

where ¥ is a complex-valued scalar function, r is a real positive parameter of order

unity and 81, 82 € C are complex-valued parameters. The equation can be scaled so

that » = 1 and, in order to consider the supercritical case, (31, 32) can be scaled so

that Re 81 = 1 and Re 8, = —1. After such a scaling the CGL equation reduces to
ov 0*v

vE . i _ . 2
o ¥+ (1+1ia) 57 + (—1+1ib)|¥|* ¥, (6.2)

where a,b € R are arbitrary real numbers.
There exists a periodic, finite-amplitude, travelling wave state of (6.2) of the form

&2

W(3,1) = (& +i6) D), (&)=£ew. (6.3)

We will use ¢ to denote both a vector in R? as well as a complex number & = & +i&; €

C. Let
p=1/E+& =1 (6.4)

Then the parameters in (6.2)—(6.4) satisfy
p’+a*=1 and c=b/a— (a+b)a. (6.5)

We restrict « to |a| < 1 to exclude the zero amplitude solution and without loss of
generality take o positive. For each fixed (a,b) € R? there is a one-parameter family
of spatially periodic travelling waves:

(p(£), a(£),c(£)) = (sint,cos £,b/cos £ — (a +b)cost), £€ (0,3%m). (6.6)

The time asymptotics of the CGL equation, linearized about the spatially periodic
travelling wave (6.6), will be considered.
The CGL equation is reformulated for application of the theory of §§ 2—4 by defin-
ing
. . . Uy V1
U =wuy +iuy, (1+ia)¥, = vy + ivy, u:( ) and vz( ) (6.7)
Ug (]
Then equation (6.2) can be written as
MZ,+7Z,=F(Z), (6.8)

where

7= (Z) ERY, M= <_012 g), F(Z) = <_u+(73%_l”u%)nu), (6.9)

with
(1 —a (1 b
m—<a ) ) and n—<_b 1). (6.10)
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Absolute and convective instabilities 1047

A basic state, relative to a frame moving at speed —c, denoted W(z), is a periodic
solution of

(Is+ cM)W, = F(W). (6.11)
The basic state (6.3), in terms of the new coordinates, takes the form
_ £ 2
W(z) = Q() (_amJ25 , for ¢eR? (6.12)
where
R,, 0 . 0 1
Qz) = ( 0 RM> y Roy=Icosax — Jysinazx, Jy= (_1 0) . (6.13)

Note that x here is the coordinate in the moving frame and that Q' = Q7, i.e. Q
is orthogonal. Also W(z + L) = W(z) for L = 2r/a. The parameters p = |¢], ¢ and
o must satisfy (6.5).

The linear stability problem for W (zx) is obtained by linearizing (6.8) about the
basic state (6.12) in the moving frame resulting in

MZ, + (I, + cM)Z, = DF(W(z))Z. (6.14)

Since M? = 0 and (I, +cM)~! = I, — ¢cM, the linear stability equation can be
written as

MZ,+ 7, = A(z)Z + G(z, 1), (6.15)
with

0 m™!
Alz) = ( ~L+ p*n + 2nR,,£6TRT, cm™! ) ! (6.16)

where for completeness a source term G(z,t) is also included on the right-hand side
of (6.15).
The Laplace-transformed function Z(z,w) (cf. equation (2.7) ) satisfies

Zy(z,w) = [A(z) + iwM]Z(z,w) + g(z,w). (6.17)

One of the advantages of studying the problem (6.17) generated by the CGL equation
is that the Floquet decomposition can be constructed explicitly. We find that the
flow operator @ (z,w) has the explicit decomposition

$(z,w) = Q(z)H (z,w), (6.18)
where Q(z) is as defined in (6.13). The operator H (z,w) satisfies
H,=[-Q"Q.,+ Q" (A(z) + wM)Q]H, with H(0,w) = I,. (6.19)

A straightforward calculation shows that
J, 0 0 m™1
_OTO — 2 T _
Q Qz—a<0 J2>’ Q A(ZL’)Q (—I2+p2n+2n§§T cm—l)a
QTMQ =M.
Consequently, H (z,w) satisfies the equation

H,=B(w)H with H(0,w) = I,, (6.21)
Phil. Trans. R. Soc. Lond. A (1996)
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1048 L. Brevdo and T. J. Bridges
and
_ ady m™!
Bw) = (—(iw + 1) I, + p?n +2né€T ady +em™? ) ' (6.22)
Hence,
H(z,w) = eB®e, (6.23)
The dispersion relation function (cf. §4, equations (4.7) and (4.12)) is defined by
D(k,w) = det[ikI; — B(w)] = w? — 2ip(k)w — q(k), (6.24)
where

p(k) = —k% — p? — 2ikaa — ike,
q(k) = (1 + a®)k*(k? — 40?) — 2p*(—1 + ab)k? — c*k? (6.25)
—4aack? + dia(a + b)kp? + 2ick(p® + k?).

The dispersion relation function (6.24), (6.25) is equal to the dispersion relation
function obtained by using a normal mode analysis (cf. Stuart & DiPrima 1978, § 3~
5). Moreover, since w and k represent parameters in the Fourier-Laplace transform,
the time-asymptotics of the solution can also be obtained from the dispersion relation.
In fact, we will show that a study of the initial value problem and use of the theory
of §§2-4 leads to some interesting new results on the long-time behaviour of the
instabilities of the spatially periodic travelling waves of the CGL equation that are
not obtainable from the normal mode analysis alone.

(a) Absolute nature of the Eckhaus instability

A model for analysing the Eckhaus instability is the Ginzburg-Landau equation
with real coefficients (Eckhaus 1965; Stuart & DiPrima 1978)

U, = U+ U, — |¥2¥, with 2€R and t>0, (6.26)

where ¥(z,t) is complex-valued. The periodic basic state of (6.26) is
U(z,t) =£e'*®, with £€€C, a€R and [{P+a®=1. (6.27)
Linearizing (6.26) about the state (6.27) and studying the linear stability problem
shows that the state (6.27) is linearly unstable for a? > % resulting in the Eckhaus
boundary o = % (Eckhaus 1965). In this section we will study the time asymptotics
of the solutions of the equation (6.26) linearized about the state (6.27) and apply
the formalism of §§2-4 to demonstrate that the Eckhaus instability is an absolute
instability. Noting that the real Ginzburg-Landau equation is obtained from the

CGL equation by taking a = b = 0 we find immediately that the dispersion relation
function reads

D(k,w) = det[ikIy — B(w)|a=b=0]
= w? 4+ 2i(k? + pH)w — k2 (k? — 4a® + 2p%). (6.28)

The matrix [ikI; — B(w)]~' which appears in the inverse Fourier-Laplace transform

has the form
1

D(k,w)
The entries of the matrix B;(k,w) are polynomials in k& and w of the degree of at
most 3 in k£ and of at most 2 in w.

[ikI, — B(w)]™' = B (k,w). (6.29)
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Figure 4. Graph of w;(k) for real k for the Eckhaus instability with wi(ko) = (v/2a)%.

The dispersion relation D(k,w) = 0 can be completely analysed. The frequency as
a function of the wave number is given by

w = —i(k* + p?) £ iv/pt + 2K2(p? + ), (6.30)

where 7 = 3a? — 1, and the expression for the wave number as a function of the
frequency is

k= :i:\ﬂw + 202 — p? £ \/4iwa? + (p? — 2a2)2. (6.31)

The minus sign in (6.30) corresponds to a mode which is always stable. The poten-
tially unstable mode is

w = —i(k? + p?) +iy/p* + 2k2(p% + 7). (6.32)

If v < 0 then Imw < 0 for all real k£ resulting in stability. The curve v = 0 is the
Eckhaus boundary. For v > 0 the graph of Imw(k) = wi(k) for positive real k is
shown in figure 4.

The function w;(k) attains its maximum of

2 2 2
wimz(l) at 32——2'07—’_7
201 2(p* +7)

Therefore, the imaginary parts of all unstable frequencies are bounded from above.
Since the set of all unstable wave numbers is a finite interval, the real parts of all
unstable frequencies are bounded from below and above as well. It can be easily seen
that the wave numbers k;(w), 1 < j < 4, given by (6.31) are uniformly bounded
away from the real k-axis for w with Imw > wip,.

In order for the theory of §§2-4 to be applicable to this flow it is necessary to
assume that the initial condition (2.5) is zero, i.e. Zp(x) = 0. Then the norm of
T(k,w) in the corresponding inverse Fourier and Laplace transforms decays faster
than |w|™", for any n > 0, when w tends to infinity in both directions in the strip
S,, for any o > 0. Consequently, the norm of v(z,w) given in (3.15) decays faster
than |w|™™, for any n > 0, when Rew — =oo, with Imw = const. > wjy. Since
Q(z,w) in (3.16) in this example is independent of w, the integral (3.16) converges.
If Zy(z) # 0 we cannot deduce that ||v(z,w)| decays in general, when Rew — oo,
with Imw = const. > wjy,. This is because T'(k,w) in such a case will have a term
independent of w coming from a non-zero Zy(z) and some entries of the matrix
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[ikIy — B(w)]™! are ratios of quadratic polynomials in w. The assumption Zy(z) =0
does not restrict the scope of the physical applications due to the fact that the source
term G(z,t) is allowed to be an arbitrary function with compact support. Since an
emergence of any disturbance in a physically realistic situation is not really sudden
but has an evolutionary character, every initial-value problem can be reformulated
as a problem with a zero initial condition by making a shift in time to a stage at
which no disturbance was present. In such a formulation the influence of a non-zero
Zo(x) will be incorporated through the appropriately modified source term G(z,t).

Let wyy, denote the maximum of |Rew| for all unstable frequencies w. For real
wo with |Rewg| > wym no crossing of the numbers k;(w), 1 < j < 4, from one to
the other side of the real k-axis can take place as w \, wg. Therefore, the analytic
continuation of the function R(xo,w) in (4.3) from above the Bromwich contour down
to the real w-axis for such wy is given by the same integral (4.3), and the function
|| R(zo,w)]|| decays faster than |w|~", for any n > 0, when w tends to infinity in both
directions in the strip S,. The latter is due to the decay of the function ||T'(k,w)||
and the uniform boundedness of the norm ||[ikIy — B(w)]™!| for such w and all
real k. Consequently, the theory of §§2-4 leading to the integral (4.5), the collision
criterion, and the dominant term of the asymptotics (4.14) are applicable in this
example.

If a point (ko,wp) is to contribute to an absolute instability the necessary condition
(4.9) has to be satisfied. The equation

%D(l@,w) =0
for D(k,w) given by (6.28) reads
Di(k,w) = dk(iw — k* +7) = 0. (6.33)
Its solutions are k = 0 and
w=i(y—k?). (6.34)
But Imw < 0 when k = 0, and the equation D(k,w) = 0 for the point (6.34) gives
k2 =y — (-2102)2 and wp =i (-2%)2 (6.35)

showing that wq is in the upper half w-plane. It remains to verify the pinching con-
dition. The maximum value of Imw for k € R is exactly the value Im wy. Therefore,
when w \, wy, the colliding roots cannot cross the real k-axis for w above wy. A short
calculation using w = wq + iy, with positive y shows that

k—ko =iy +o(vy) as - 0s. (6.36)
0

Hence, the roots that collide at the point kg € R originate on opposite sides of the
real k-axis. This verifies that the Eckhaus instability is an absolute instability for
any « in the unstable region % <a?<l.

(b) Absolutely and convectively unstable periodic solutions of the complex
Ginzburg—Landau equation

When the coefficients in the Ginzburg-Landau equation are complex (a® 4+ b* # 0)
new features in the linear stability analysis and in the evolution of wave packets in the
spatially periodic flow appear. A treatment of the normal mode stability of periodic
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solutions of the Ginzburg-Landau equation with complex coefficients is given in
Stuart & DiPrima (1978). In the normal mode analysis, the main new feature is
that the region of linearly stable periodic states is not always equal to the Eckhaus
range (a® < 3) but can be either wider or narrower and can even vanish. However,
a consideration of the initial-value problem, and an analysis of the unstable wave
packets, using the theory of §§2-5, show that the unstable periodic waves can be
either convectively or absolutely unstable. Moreover, the transition between the two
types of instability is not predictable from the normal-mode linear stability analysis
alone.

When a® 4+ b* # 0, the basic state of the complex Ginzburg-Landau equation
is stationary and periodic in a frame of reference moving at speed —c relative to
the absolute frame of reference, where ¢ is determined by the position along the
branch (cf. equation (6.5)). Therefore, there are four frames of reference that will
arise naturally in the analysis: (a) the absolute frame of reference, (b) the frame of
reference in which the basic state is stationary, (c) the frame of reference moving with
the group velocity of the wave packet relative to the absolute frame of reference, and
(d) the frame of reference of the observer.

In the frame of reference in which the basic flow is stationary, i.e. in that moving
at the speed —c relative to the absolute frame of reference, the dispersion relation
function is given by (6.24), (6.25). By introducing an observer moving at the speed
V € R relative to this moving frame of reference the dispersion relation is modified
to

D(k,w+kV) = (w+ kV)? = 2ip(k)(w + kV) — q(k). (6.37)
When looking for an absolute instability the relevant frame of reference is the absolute
frame of reference which is obtained by taking V = —c. When V = —c¢, the dispersion
relation function D(k,w — kc) is given by the expressions (6.24), (6.25) with ¢ set
to zero. Therefore, the applicability of the theory in §§2-4 to the CGL equation can
be justified under the same assumptions and in the same manner as for the real GL
equation. ‘

In the CGL equation we find that both absolutely and convectively unstable wave
packets appear in the spatially periodic flow. We will not give a complete account
for the parameter space but select a representative point, in particular @ = 1 and
b= —3. At the point @ = 1 and b = —3 there is a branch of finite-amplitude travelling
waves as shown in figure 5.

As £ varies along the branch (6.6) from 0 to 37 the wavespeed c(£) of the branch of
travelling waves varies monotonically from —1 to —oo, with ¢(¢) — —oo as £ — %71'.
The theory of §§2-4 applied to this branch leads to the following results. As the
amplitude p(¢) is increased from the trivial state (¢ = 0) we find that initially the
basic state is absolutely unstable for

0<?<t=~0977. (6.38)
For larger 4,
£y < € < Ly = arccos \/§ ~ 1.152, (6.39)
the wave is absolutely stable but convectively unstable and when
by <0< 3w, (6.40)

the basic state is linearly stable.
Before verifying the picture in figure 5 we illustrate its consequences for flowfields
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Y

cu

au

o

Figure 5. Branch of finite-amplitude travelling waves of CGL for a = 1 and b = —3. £; =~ 0.977,
{2 =~ 1.152. Regions: au, absolutely unstable; cu, convectively unstable but absolutely stable; s,
stable.

where the CGL equation is a model. The CGL equation is a model equation for near
critical hydrodynamic stability problems where a homogeneous state loses stability
at the neutral curve as shown in figure 1 in the introduction. The CGL equation
models the nonlinear dynamics of the waves near the minimal point on the neutral
curve corresponding to the lowest value of R, where R is a control parameter such
as a Reynolds number. Projecting the results of figure 5 onto figure 1 shows that the
unstable region of spatially periodic travelling waves, that exists, is composed of two
distinct regions. One of these regions, namely the exterior band, is absolutely unsta-
ble, similar to the entire unstable band in the Eckhaus instability, while the interior
band is convectively unstable, but absolutely stable. This result is only verified in
the present work for ¢ = 1 and b = —3, but we anticipate it to be valid for an open
subset of the (a, b)-plane.

It is interesting to note that here, as in the case of the Eckhaus instability, for
every wavenumber « different from the critical one, the trivial state, which is sta-
ble for a subcritical value of R, becomes unstable and gives rise to an absolutely
unstable travelling wave, when R increases through its critical value for this a. A
transition from the stable trivial state to a stable travelling wave takes place only
at the critical wavenumber «. Because of the nature of the absolute instability, an
absolutely unstable state acts as a repeller, in the phase space of the time-evolution,
at every location in space; that is, such a state is a physical repeller in time globally
in space. We can claim, therefore, that the presence of the absolutely unstable band
in figure 1 is a theoretical explanation for the rapid selection of the critical wave-
length at slightly supercritical values of R observed in the media that are governed
by the Ginzburg-Landau equation (cf. Koschmieder (1974) for the case of Bénard
convection). For such R, a perturbation of the homogeneous state by a disturbance
in which a continuum of wavelengths is present causes a rapid divergence from spa-
tially global repellers, i.e. a rapid destruction of the components of the perturbation
that are absolutely unstable, and a rapid convergence to the spatially periodic state
corresponding to the critical wavenumber. This scenario is suggested from the theo-
retical results. In other words, the spatially global repelling nature of an absolutely
unstable state may be a triggering mechanism for the rapid wavenumber selection in
this case.

The change of stability for £ = /5 is easily verified using the normal mode linear
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stability theory. In fact, when a = 1 and b = —3 setting D(k,w) = 0 results in

Imw = —%(1 60K + O(kY), (6.41)
with the change of stability occurring for small |k| when a? = cos?¢ = 1. One can
then verify that Imw < 0 when a? < % for all k.

To understand the transition from absolute to convective instability at ¢ = ¢; the
necessary and sufficient condition for absolute instability is applied. First note that
in the limit lim,_o p(¢) = 0 (the limit as the amplitude of the branch of travelling
waves goes to zero) the multiple roots in k of the dispersion relation function can be
found exactly. In this limit D(k,w+kV) = 0 with V = —c (cf. (6.24), (6.25)) results
in

lin(l) w(k) = —ik(k + 2i) £ k(k — 21). (6.42)
p—
We have
lin}) W'(k) = 2[—ik + 1 £ (k —1)], (6.43)
p—

and, therefore, in the limit as p — 0, there exist two saddle points of the frequency
function at k = £1 with

wO(k)|k=:t1 =i+l (644)

The maximum of Imw(k) for real k is equal to Imwy(£1) = 1. Let w = wy + iy, with
y real and positive. Then y > 0 splits the double k root and perturbs the two values
of k into the upper and lower half of the complex k-plane. Therefore, both saddle
points in the k-plane for w = wy give rise to an absolute instability.

We now evaluate the movement of the values of w(k) at the saddle points found
above in the w-plane along the branch of travelling waves. We refer to these values as
saddle points in the w-plane. The double roots in k of the dispersion relation function
D(k,w + kV') satisty

D(k,w+ kV) =0,
d (6.45)
@D(k,w +kV) = Di(k,w+kV)+ VD, (k,w+ kV)=0.
For p > 0 and D(k,w) given by (6.24), (6.25) equations (6.45) combine to give a
sixth order, in k, equation at each value of £ and V. Therefore, these roots cannot in
general be obtained analytically. In figure 6 the movement of the two saddle points
originating at w = £1 +1 is followed numerically in the complex w-plane, as ¢ varies
along the branch of travelling waves, for the case V = —c. Beginning at w = +1 +1,
the saddle points move, as ¢ is increased from ¢ = 0, symmetrically while their
imaginary part decreases monotonically from its maximum value of 1. At the critical
value of £, denoted by ¢;, the saddle points cross the real axis in their movement from
the upper to the lower half plane in the complex w-plane. The sign of the imaginary
part of the two saddle points in the w-plane changes at £ = ¢; from plus to minus.
It is verified computationally that the two saddle points satisfy the pinching con-
dition for all £ € (0,¢4;) (see also figures 7 and 8) and, therefore, give rise to the
absolute instability in this range. Moreover, we have verified numerically that at all
the other saddle points for all £ € (0,4;) either w has a non-positive imaginary part
or the collision criterion is not satisfied. Therefore, for all £ € (0,4;) the two saddle
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Figure 6. Movements of the two saddle points, that make the dominant contribution to the
asymptotics, in the complex w-plane from the upper to the lower half plane as £ increases from
0 to %ﬂ' for CGL when a = 1 and b = —3.

points shown in figure 6 make the dominant contribution to the asymptotics of the
solution. When ¢ = ¢, there is a stabilization of the two saddle points. It is important
to note that, although the saddle points stabilize at £ = £, the basic state is still
unstable in the region ¢; < £ < {5. In this region the periodic wave is absolutely
stable but convectively unstable. Note, however, that no qualitative change of the
normal modes takes place at £ = ¢;. Thus, the method of normal modes produces
no information with regard to the absolute or convective nature of the instability.
Further decrease of ¢ through its critical value £5 causes stabilization of the normal
modes, and, therefore, of the periodic travelling wave.

To illustrate the verification of the pinching condition, in figures 7 and 8 the images
of the lines {w | Imw = o} in the k-plane for k = k;(w), 1 < j < 4, where k;(w),
1 < j <4, denote the k-roots of the dispersion relation function D(k,w), are shown
in the complex k-plane for different values of Imw = o, for two representative values
of £.

Figure 7 shows a typical set of diagrams for the region 0 < £ < ¢;. Here £ = 0.5
and is in the absolutely unstable region of the branch. In figure 7a the images of
the Bromwich contour are shown for ¢ = 1.5, which is greater than the maximum of
Imw(k) for real k. We clearly identify the branches that lie on different sides of the
real k-axis. In figure 7b the imaginary part of w is reduced to the value at the unstable
saddle point Imwy = 0.6390. By comparing figures 7a and 7b one can see that, as
Imw decreases from 1.5 down to Imwy, two images of the Bromwich contour coming
from above the real k-axis collide with two images that originate from below the axis.
Therefore, the pinching condition is satisfied for these unstable saddle points, and
the flow is unstable. The same situation was observed for the entire range 0 < ¢ < ;.
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Figure 7. Images of the lines of constant Imw in the complex k-plane for periodic states of
CGL in the au-region when £ = 0.5. (a) Imw = 1.5 (the Bromwich contour); (b) Imw = 0.6390.

When ¢, < £ < ¢, the basic state is convectively unstable. To illustrate this we
present in figure 8 the images of the Bromwich contours for a representative value of
£ in this range: £ = 1. In figure 8a the images of the Bromwich contour in the complex
k-plane are shown for Imw = 1.0, which is greater than the maximum of Imw(k) for
real k. Again, as in figure 7a, the branches that lie on different sides of the real k-axis
are clearly identified. In figure 8b the images for Imw = 0, i.e. the images of the real
w axis, in the k-plane are shown. It is clearly seen that two images coming from
above the real k-axis collided as Im w decreased from 1.0 down to zero. Two images
originating from below the real k-axis experienced a certain change and moved. In
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Figure 8. Images of the lines of constant Imw in the complex k-plane in the cu-region for
£=1. (a) Imw =1 (the Bromwich contour); (b) Imw = 0.

particular, the upper one of them crossed the real k-axis from below. However, no
collision of the images coming from opposite sides of the real k-axis took place. The
flow is, therefore, absolutely stable.

It is important to emphasize that, although a collision of the images for a marginally
positive Im w occurs, this collision does not cause absolute instability, since the collid-
ing images originate on the same side of the real k-axis in the limit Im(w—wjp) — +o0,
for Re(w — wp) = 0. The saddle points of w = w(k) which result from this collision
have a marginally positive imaginary part, but they make no contribution to absolute
instability, because they do not satisfy the pinching condition. Thus, there are no
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Figure 8. (¢) Imw = —0.0427.

singularities of the corresponding function R(xo,w) (4.3) in the infinite strip w € S,,
although the wave is unstable.

Lowering the value of w; further (in particular till w; = —0.0427 in this case)
one sees that the collision of the images originating on opposite sides of the real
k-axis eventually takes place but it corresponds to a stable frequency. Therefore, the
dominant contribution to the asymptotics of the solution along the ray z = z is
decaying in time. Analogous results were obtained for all £ in the range £; < £ < /.
Since the normal modes in this range are unstable, the flow is convectively unstable
for £ € (£1, £3). We remark that algebraically growing wave packets are not found for
the CGL equation at the neutral point £ = £5. A treatment of the signalling problem
for the CGL equation is left for future work.

Finally, we remark on some numerical computations of Aranson et al. (1992) of the
saddle points of the dispersion relation of the CGL equation and their connection
with the spatiotemporal chaos observed in dynamic simulations of CGL. Without
addressing the initial-value problem, Aranson et al. (1992) computed saddle points
for the dispersion relation of the CGL equation and conjectured that an unstable
saddle point corresponds to an absolutely unstable travelling wave solution. They
then related the regions in the parameter space, where a particular saddle point is
unstable, to the complexity of the nonlinear spatiotemporal behaviour observed in
dynamic simulations. The condition for absolute instability used by Aranson et al.
is that there exists an unstable saddle point ko of w = w(k), that is, dw(ko)/dk = 0,
with Imw(ko) > 0, that satisfies Im(d%w(ko)/dk?) < 0. This condition is in general
incorrect; it is neither sufficient nor necessary for an absolute instability. In partic-
ular, a saddle point satisfying this condition does not necessarily satisfy the correct
collision criterion (cf. §4) and, as shown in the present work, a saddle point that
satisfies the collision criterion does not necessarily satisfy the above condition. On
the other hand, as shown in §6a, there is only a single unstable saddle point corre-
sponding to the Eckhaus instability and, moreover, it satisfies the collision criterion
derived in §2-5, so the instability is absolute. Fortuitously, this particular saddle
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point also satisfies the condition used by Aranson et al. (1992). However, it is not as-
sured that all unstable saddle points are of this type for all regions of the parameter
space for the CGL equation. In any case the theory of § 25 gives precise conditions
for absolute and convective instability in the spatially periodic case and should be
practically verifiable for all values of parameters in the CGL equation.

7. Application to spatially periodic states of the Navier—Stokes
equations

A classification of the instabilities of spatially periodic travelling waves of the
Navier—Stokes equations is of fundamental interest for studying the long-time asymp-
totics of secondary instabilities in shear flows and their role in the transition to tur-
bulence. The main theoretical difficulty with extending the theory of §§2-5 to the
Navier—Stokes equations is that the presence of a cross section leads to derivatives
in the operator F(Z). In this section, the cross section is discretized and a numeri-
cal procedure, based on the theory of §§2-5, for classifying absolute and convective
instabilities is developed.

Consider a fluid domain in the (z,y)-plane, with —co < < oo and y € (hq, hg),
where hy — h; > 0, and for simplicity h; and ho are finite. The Navier—Stokes equa-
tions in dimensionless form in this strip can be written as

Uy + vy =0,

1
Ug + UUy + VUy + Py — E(umm + uyy) =0, (7.1)

1
Vg + Uy + vvy + py — —R-(vm +v,,) =0,
with suitable boundary conditions for (u, v) along the edge of the strip. The variables
uw and v represent the components of the fluid velocity in the z- and y-directions
respectively, p is the pressure, and R is the Reynolds number. By introducing a new
variable V = v, the system (7.1) can be rewritten

Uy = —Uy,
Vg = V)
1 7.2
Up + Py = UVy — VUy + E(—Vy-l-uyy), (7.2)
—Ruy +Vy = —vyy + Rpy + R(vv, +uV), )
which is put in the form
MZ,+Z,=F(Z) (7.3)
by setting
0 0 00 U
0 0 00O
M = ,oz=|" (7.4)
1 0 00 p
0 -R 0O V
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and
%
F(Z) = (7.5)

1
‘R“(_Vy + Uyy) + uvy — vy,

Rpy — vy + R(vvy + uV)

Note that for the Navier—-Stokes equations the operator M, though linear, acts on a
functional space associated with the y-direction where the basic flow has shear. Even
though F(Z) involves derivatives, the derivatives are with respect to the vertical
(finite) direction and so abstractly the form (7.3) is equivalent to (2.1). Another
way to see this is to introduce a finite-dimensional discretization of the channel
cross section (cf. below). In the representation (7.3) the simplest class of uniform (or
parallel) flows satisfies F'(Z) = 0 along with the boundary conditions at y = h; and
Yy = hz.

Suppose that, in addition to a basic parallel flow, there exists a finite-amplitude
spatially periodic travelling wave, with the sum of the two solutions denoted by
W (z,y), that satisfies

(I — cM)W, = F(W), (7.6)

where I is the identity operator. Such a state can arise as a result of a bifurcation
from a parallel flow, e.g. plane channel flow with various boundary conditions (moving
wall or compliant wall for example).

Linearization of

MZ,+ (I — cM)Z, = F(Z). (7.7)
about the state W(z,y) gives
MZ,+(I—-cM)Z, = A(z,y)Z, with A(z,y)=DF(W). (7.8)

Here Z = Z(z,y,t). Formal application of the Laplace transform as in §2 to (7.8)
results in

Zo(z,y,w) = (I —cM)"A(z,y) + iwM]|Z(z,y,w) + g(z,y,w),  (7.9)

where g(z,y,w) = M Z|i—o plus a source term if present.

The equation (7.9) is a generalization of the equation (2.8) to the case of a periodic
flow with shear. However, the essential feature of (7.9) compared to (2.8) is that, for
a fixed z, A(x,y) in the former is an elliptic differential operator in y rather than a
matrix operator A(x) in the latter. Although the theory can be generalized to this
case, the Floquet theory for elliptic operators requires different methods (cf. Kuch-
ment 1993). The main new feature is that, since I8, — (I —cM)~{[A(z,y) +iwM] is
an elliptic operator, the homogeneous part of the equation in (7.9) is ill-posed as an
evolution equation and, therefore, the concept of a flow operator and a monodromy
operator do not in general exist. However, although the Floquet transform does not
generalize, the Floquet decomposition goes through under suitable hypotheses.

In order to apply the theory of §§2-5, the difficulties associated with the elliptic
operator can be avoided by discretizing the system (7.9) in the y-direction. Such a
discretization would be necessary in practice anyway since finite-amplitude travelling
waves of the Navier—Stokes equations are in general only known numerically. As an
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example of such a discretization let

2y —hy—hy

Z(w,y,w) =Y To(z,w)T,(Y), Y= o (7.10)

where {7, (Y)} are the Chebyshev polynomials on the interval —1 < Y < 1. We
introduce the vector

TO

T
T = b e (7.11)

Tn-1
Then a projection of (7.9), with the corresponding boundary conditions at y = h;

and y = hy, onto the 4N-dimensional space with the Chebyshev basis, results in the
equation

Y, = E(z,w)Y + gn, (7.12)

where E(r,w) is the projection of the operator (I —cM)'[A(z,y) + iwM] and gy
is the projection of the forcing term g(z,y,w) in (7.9). The matrix operator E(x,w)
is periodic in z, so the equation (7.12) is now in the form to which the theory of
§82-5 is applicable.

It is important to emphasize that although the theory of §§2-5 does not provide
a direct analytical treatment of the continuous equation (7.9), its discretized version
(7.12) can be treated by applying the developed theory because it is a direct analogy
of the formulation in §§2-5. Thus periodic travelling wave solutions of the Navier—
Stokes equations can be investigated for absolute and convective instabilities by
combining the theory of §§2-5 with numerical computations. The necessity of a
discretization in the case of periodic travelling waves in shear flows is quite expected,
since even for parallel flows the study of normal mode instabilities of most flows with
shear requires numerical methods (cf. Drazin & Reid 1981).

After numerical discretization, an investigation of the absolute and convective in-
stabilities and a treatment of the signalling problem, for periodic solutions of the
Navier-Stokes equations, is based on analysis of the movement of the Floquet ex-
ponents or multipliers. While the monodromy operator is not well defined in the
continuous elliptic case, it is well-defined for the discretized finite-dimensional sys-
tem (7.12). In principle there are two complementary approaches for a numerical
treatment of (7.12). One approach is to compute the monodromy operator of the
system (7.12). It should be noted that the initial-value problem for (7.12) will be
stiff with the stiffness dependent on the number of discretization points in the Y-
direction. The analysis of absolute and convective instabilities can in this case be
carried out under the assumption that the discretization cuts off the eigenvalues
ik of the elliptic operator with increasingly large real part associated with its ill-
posedness. The corresponding complex numbers k (with large imaginary part) do
not in any case cross the real k-axis as w \, wy. On the other hand the eigenvalues
ik with bounded | Reik|, that can cross the axis are assumed for physical reasons to
be well approximated by the discretization, when it is fine enough.

Let @(L,w) be the monodromy matrix of the discrete problem (7.12), where L is
the period of E(z,w). For a given complex w this matrix is computed approximately
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by integrating numerically the initial-value problem,

P, (z,w) = E(z,w)P(z,w), (0, w) = Iy, (7.13)
on the interval [0, L]. All the roots p € C of
det [@(L,w) — pulyn] =0, (7.14)

that is, the Floquet multipliers are then found by using standard global eigenvalue
solvers. Therefore, the pinching condition for absolute and convective instabilities
and the causality condition for spatially amplifying waves can be nuinerically im-
plemented in terms of the Floquet multipliers u. The contributing wavenumber is
then computed as ko = —(i/L)In po(wp), where wy is the contributing frequency
and po(wp) is the contributing Floquet multiplier, which is the collision point in
the complex u-plane satisfying the corresponding pinching condition for the analy-
sis of absolute and convective instabilities (see the discussion following the equation
(4.12)), and the Floquet multiplier that crosses the unit circle for the signalling
problem with a stationary forcing (see the second paragraph following the equation
(5.7)). In this approach convergence of a numerical scheme for integrating the initial
value problem (7.13), for any fixed N, can be attained by suitably refining the step
of the scheme h(N). However, numerical integration of this method sould require a
technique such as orthogonalization for eliminating the stiff modes that appear for
large N.

In the above approach the contributing frequency wq is computed unambiguously
but the contributing wavenumber kg is given up to an additive term 27n/L, where n
is an integer. This is due to the non-uniqueness of the logarithm. However, this ambi-
guity of kg does not influence the time asymptotics (4.14) of unstable wave packets.
It affects solely the spatial response (5.8) in the signalling problem with a stationary
forcing through an arbitrary oscillatory harmonic factor of the form e? ™%/ which
is bounded and, therefore, of little significance for predicting qualitative properties
of turbulent transition. A similar factor will be present in (4.14) introducing an
indeterminacy into the local wavelength only. Assuming that the local wavelength
27/ Re ko is a continuous function of the ray velocity V/, its relative change across the
wave packet can still be computed in the analysis.

In the second approach the Floquet exponents are computed numerically. Let
Y(z,w) = eikg”'/f(:n,w), where 'Y(x,w) is an L-periodic function in x satisfying

~

Y, = [E(z,w) — ikIy]Y. (7.15)

Discretizing (7.15) by using a Fourier series approximation for Y leads to a standard
matrix generalized eigenvalue problem for the Floquet exponent k, considered as
a function of w and other problem-dependent parameters. This second numerical
procedure should lead to a convergent algorithm, for N — oo, provided the length
of the truncated Fourier series for T increases suitably as a function of N.

In the framework of the present approach the discretized problems (7.13), (7.14)
can be viewed as a certain analogy, for a spatially periodic basic state, of the dis-
cretized Orr-Sommerfeld problem in the homogeneous case. A complete analogy
would be possible if the corresponding Floquet operator Q(z,w) for the flow field
were known. Then the substitution of the form (4.10) into the discretized equation
in (7.8) would lead to an equation of the form (4.11), which is a genuine analogy of
the discretized Orr—-Sommerfeld equation.
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8. Concluding remarks

The study of the time and space asymptotics of wave packets in spatially periodic
media can be applied to many problems and generalized in a number of interesting
directions. As a matter of fact, the normal mode or spectral stability analysis of
periodic waves has been widely used whereas the wave packet approach would lead
to further information. For example, the Fitzhugh-Nagumo equations (cf. Maginu
1978) that model nerve conduction, relative to a frame of reference moving at speed
¢, take the form

Up + CUy = Uy — f(u) —w, wy + cw, = bu, (8.1)

where f(u) = u(u —a)(u — 1) and a and b are positive constants. With v = u, the
system (8.1) can be written as a first order system in z- and t-derivatives of the form
MZ, + Z, = F(Z) by rewriting (8.1) as

1 b
Uy =V, —uy + v, = cv+ f(u) + w, Ewt +w, = Eu, (8.2)
and taking
0 0 O U v
M= -10 0 |, Z=| v |€R and F(Z)=| cw+ f(u)+w
0 0 1/c w (b/c)u
(8.3)

Another example is the laser equations (cf. Swinton & Elgin 1990). Relative to a
frame moving at speed ¢ the laser equations take the form

1
ut+um—zuz:a(v—u), Vit v, = (r—w)u—v, w+w, =uv—bw, (8.4)

where o, r and b are given real numbers. The system (8.4) can be written in the form
MZ,+ Z, = F(Z) by taking

v 00 u o(v—u)
M=1010]|, Z=| v |€R® and F(Z)=| (r—wju—-v |, (85)
001 w uv — bw

with v = ¢/(c—1) and & = ov. For both of the above examples the normal-mode (or
spectral) stability theory of spatially periodic states is generally well understood but
a wave packet analysis would provide significant new information about the long-time
asymptotics.

In some cases spatially quasi-periodic states can be studied using the Floquet
theory and, therefore, the analysis of §§2-5 would be applicable. For example, the
spatially quasi-periodic states of the real Ginzburg-Landau equation (cf. Bridges &
Rowlands 1994) have been analysed using a Floquet decomposition and shown to be
unstable but the long-time asymptotics in this case have not been studied.

If the basic state is periodic in only one space dimension the theory of 86 2-5 can
be generalized to the case where the perturbation class depends also on a transverse
spatial coordinate (the basic state would be homogeneous in this direction). These
are three-dimensional wave packets in a basic flow which is spatially periodic in only
one space dimension. Such a generalization in the spatially homogeneous case has
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been given by Brevdo (1991) and can be carried out along the same lines for the
spatially periodic case. A more difficult yet interesting problem would be to consider
the absolute and convective instabilities of basic states that are periodic in two space
dimensions, as such states and their linear stability are of fundamental importance
for pattern formation. A direct generalization of the developed theory to such states
will require different methods because in general the Floquet transformation does
not carry over — although the Floquet decomposition (cf. Kuchment 1993) carries
over under suitable hypotheses — to the case of PDEs with coefficients periodic in
two spatial directions.
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